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Abstract
Using ideas of Ramakrishnan, we consider the icosahedral analogue of the theorems of
Sarnak and Brumley on Hecke–Maass newforms with Fourier coefficients in a quadratic order.
Although we are unable to conclude the existence of an associated Galois representation in
this case, we show that one can deduce some implications of such an association, including
weak automorphy of all symmetric powers and the value distribution of Fourier coefficients
predicted by the Chebotarev density theorem.
1 Introduction
In [11], Sarnak showed that a Hecke–Maass newform with integral Fourier coefficients must
be associated to a dihedral or tetrahedral Artin representation. Brumley [1] later generalized
this to Galois-conjugate pairs of forms with coefficients in the ring of integers of Q(√d) for
a fundamental discriminant d = 5, which are associated to dihedral, tetrahedral or octahe-
dral representations. In this note we consider the remaining case of nondihedral forms with
coefficients in Z
[ 1+√5
2
]
, which are predicted to correspond to icosahedral representations.
The results of Sarnak and Brumley depend crucially on the existence and cuspidality
criteria of the symmetric cube and symmetric fourth power lifts from GL(2), as established
by Kim and Shahidi [3–5]. For the icosahedral case, in order to conclude the existence of
an associated Artin representation we would need to know the expected cuspidality criterion
for the symmetric sixth power lift (which is not yet known to be automorphic). Appealing to
ideas and results of Ramakrishnan [8–10], we show that one can nevertheless derive some
of the consequences entailed by the existence of an associated icosahedral representation,
including weak automorphy of all symmetric powers and the value distribution of Fourier
coefficients predicted by the Chebotarev density theorem. Our precise result is as follows.
Theorem 1.1 Let A be the adèle ring of Q, and put A = {0,±1,±2,±ϕ,±ϕτ }, where ϕ =
1+√5
2 and τ denotes the nontrivial automorphism of Q(ϕ). Let π =
⊗
πv and π ′ = ⊗π ′v
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be nonisomorphic unitary cuspidal automorphic representations of GL2(A) with normalized
Hecke eigenvalues λπ(n) and λπ ′(n), respectively. Assume that π and π ′ are not of dihedral
Galois type, and suppose that λπ(n) and λπ ′(n) are elements of Z[ϕ] satisfying λπ ′(n) =
λπ(n)
τ for every n. Then:
(1) π corresponds to a Maass form of weight 0 and trivial nebentypus character.
(2) For any place v, πv is tempered if and only if π ′v is tempered.
(3) If S denotes the set of primes p at which πp is not tempered, then
(a) #{p ∈ S : p ≤ X}  X1−δ for some δ > 0;
(b) πv ∼= π ′v for all v ∈ S ∪ {∞};
(c) λπ(p) ∈ A for every prime p /∈ S;
(d) for each k ≥ 0, there is a unique isobaric automorphic representation k = ⊗k,v
of GLk+1(A) satisfying k,p ∼= symk πp for all primes p /∈ S at which πp is
unramified;
(e) if S is finite or sym5 π is automorphic then S = ∅ and π∞ is of Galois type (so that
π corresponds to a Maass form of Laplace eigenvalue 14 ).
(3) For each α ∈ A, the set of primes p such that λπ(p) = α has a natural density,
depending only on the norm αατ , as follows:
αατ 0 1 4 −1
density 14
1
6
1
120
1
10
2 Preliminaries
Before embarking on the proof of Theorem 1.1, we first recall some facts about the analytic
properties of the standard and Rankin–Selberg L-functions associated to isobaric automor-
phic representations. We refer to [8, §1] for essential background and terminology.
Let π = σ1  · · ·σn = ⊗πv be an isobaric automorphic representation of GLd(A) for
some d ≥ 1, and assume that the cuspidal summands σi have finite-order central characters.
Then for any finite set of places S ⊇ {∞}, the partial L-function L S(s, π) = ∏v /∈S L(s, πv)
converges absolutely for (s) > 1 and continues to an entire function, apart from a possible
pole at s = 1 of order equal to the number of occurrences of the trivial character among the
σi . Furthermore, L S(s, π) has no zeros in the region {s ∈ C : (s) ≥ 1}.
Given two such isobaric representations, π1 and π2, we can form the irreducible admissible
representation π1π2 = ⊗(π1,v π2,v), where for each place v, π1,v π2,v is the functorial
tensor product defined by the local Langlands correspondence. Then for any set S as above,
L S(s, π1 π2) = ∏v /∈S L(s, π1,v π2,v) agrees with the partial Rankin–Selberg L-function
L S(s, π1 × π2), which again converges absolutely for (s) > 1, continues to an entire
function apart from a possible pole at s = 1, and does not vanish in {s ∈ C : (s) ≥ 1}. The
order of the pole is characterized by the facts that (1) it is bilinear with respect to isobaric
sum, and (2) if π1 and π2 are cuspidal then L S(s, π1 π2) has a simple pole if π1 ∼= π∨2 and
no pole otherwise.
Given an irreducible admissible representation  of GLd(A), let cond() denote its
conductor, and let {cn()}∞n=1 be the unique sequence of complex numbers satisfying
− L
′
L
(s,) =
∞∑
n=1

(n)cn()
ns
and cn() = 0 whenever 
(n) = 0.
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Then cn() is multiplicative in , in the sense that if π1 and π2 are isobaric representations
as above then cn(π1  π2) = cn(π1)cn(π2) for all n coprime to gcd(cond(π1), cond(π2)).
Similarly, for any isobaric representation π of GLd(A) and any k ≥ 0, we can form the
irreducible admissible representation symk π = ⊗ symk πv . If d = 2 and π has trivial
central character then for all n coprime to cond(π) we have
cn(symk π) = Pk(cn(π))
for certain polynomials Pk ∈ Z[x]; in particular,
P0 = 1, P1 = x, P2 = x2 − 1, P3 = x3 − 2x, P4 = x4 − 3x2 + 1, P5 = x5 − 4x3 + 3x .
Finally, we recall some standard tools from analytic number theory.
Lemma 2.1 Let {cn}∞n=1 be a sequence of nonnegative real numbers satisfying cn  nσ for
some σ ≥ 0, and put
D(s) =
∞∑
n=1
cn
ns
for (s) > σ + 1.
Suppose that (s − 1)D(s) has analytic continuation to an open set containing {s ∈ C :
(s) ≥ 1}, and set r = Ress=1 D(s). Then
(1) ∑n≤X cn = r X + o(X) as X → ∞.
(2) If r = 0 then there exists δ > 0 such that ∑∞n=1 cn/n1−δ < ∞.
Proof These are the Wiener–Ikehara theorem [12, Ch. II.7, Thm. 11] and Landau’s theorem
[12, Ch. II.1, Cor. 6.1], respectively. unionsq
3 Proof of Theorem 1.1
We are now ready for the proof. Our argument is sequential, but to aid the reader we have
separated it into six main steps, as follows.
3.1 Initial observations
Let π and π ′ be as in the statement of the theorem. If πp and π ′p are both tempered for
some prime p, then max{|λπ(p)|, |λπ(p)τ |} ≤ 2, which holds if and only if λπ(p) ∈ A.
Thus, conclusion (2) of the theorem implies conclusion (3c). Moreover, the equality λπ ′(n) =
λπ(n)
τ for n ∈ {p, p2} implies that the L-factors L(s, πp) and L(s, π ′p)have the same degree,
and thus πp is ramified if and only if π ′p is ramified. We set N = gcd(cond(π), cond(π ′)).
Since λπ(n) ∈ R for every n, π must be self dual. Suppose that π is the automorphic
induction of a Hecke character of infinite order. Then the value distribution of λπ(p) for
primes p is the sum of a point mass of weight 12 at 0 and a continuous distribution. In
particular, the set {p : λπ(p) ∈ A} has density 12 . On the other hand, by [4, Theorem 4.1], the
set of p at which π ′p is tempered has lower Dirichlet density at least 34/35, and as observed
above, λπ(p) ∈ A for any such p. This is a contradiction, so π cannot be induced from a
Hecke character of infinite order. (See [11] for an alternative proof in the Maass form case,
based on transcendental number theory.) By hypothesis, π is also not of dihedral Galois type,
and it follows that π has trivial central character.
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Suppose that π∞ is a discrete series representation of weight k ≥ 2. Since π has trivial
central character, k must be even. Then π corresponds to a holomorphic newform with Fourier
coefficients λπ(n)n(k−1)/2, which must lie in a fixed number field. Considering primes n = p,
sinceλπ(p) ∈ Z[ϕ] that is only possible ifλπ(p) = 0 for all but finitely many p, contradicting
the fact that L(s, π π) has a pole at s = 1. Thus, π∞ must be a principal or complementary
series representation of weight 0, which establishes (1).
Next suppose that π is of tetrahedral or octahedral type. Then Ad(π) ∼= sym2 π corre-
sponds to an irreducible 3-dimensional Artin representation with Frobenius traces λπ(p)2−1
for all primes p  N , and image isomorphic to A4 or S4, respectively. In the tetrahedral case,
from the character table of A4 we see that λπ(p)2 − 1 ∈ {3,−1, 0}, so that λπ(p) ∈ Z; by
strong multiplicity one, that contradicts the hypothesis that π  π ′. In the octahedral case,
from the character table of S4 and the Chebotarev density theorem, λπ(p)2 − 1 = 1 for a
positive proportion of primes p; that contradicts the hypothesis that λπ(p) ∈ Z[ϕ].
In summary, we have shown that π corresponds to a Maass form of weight 0 and trivial
character, is not in the image of automorphic induction and is not of solvable polyhedral type.
By symmetry these conclusions apply to π ′ as well. Moreover, by Atkin–Lehner theory, if
there is a prime p | N with p2  N then λπ(p)2 = λπ ′(p)2 = 1/p. That contradicts the
hypothesis that λπ(n) and λπ ′(n) are algebraic integers, so for every p | N we must have
p2 | N and λπ(p) = λπ ′(p) = 0.
3.2 Equivalence of sym3  and sym3 ′
By the seminal works of Gelbart–Jacquet [2], Ramakrishnan [7], Kim–Shahidi [5] and Kim
[3], we know that the representations symk π and symk π ′ for k ≤ 4, π  π ′, π  sym2 π ′
and π ′  sym2 π are all automorphic. Moreover, since π and π ′ are not in the image of
automorphic induction and are not of solvable polyhedral type, symk π and symk π ′ are
cuspidal for k ≤ 4.
For brevity of notation, we set
an = cn(π) and bn = aτn = cn(π ′).
Note that ap = λπ(p) for all primes p, and an = 0 whenever (n, N ) > 1. For f ∈ R[x, y],
let
D f (s) =
∞∑
n=1

(n) f (an, bn)
ns
=
∑
(n,N )=1

(n) f (an, bn)
ns
+ f (0, 0)
∑
p|N
log p
ps − 1 .
For any f such that (s − 1)D f (s) has an analytic continuation to an open set containing
{s ∈ C : (s) ≥ 1}, we define
r( f ) = Ress=1 D f (s).
In particular, by the properties of Rankin–Selberg L-functions described in §2, r(Pi (x)Pj (y))
is defined for i, j ≤ 4. Note also that r( f ) is linear in f .
Consider
F = (x − y)2((x − y)2 − 5)
= P4(x) − 4P3(x)y + 6P2(x)P2(y) − 4x P3(y) + P4(y) + 4P2(x) − 6xy + 4P2(y).(3.1)
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Note that for u, v ∈ Z with u ≡ v (mod 2), we have
F
(
u + v√5
2
,
u − v√5
2
)
= 25v2(v2 − 1) ≥ 0.
Since symk π and symk π ′ are cuspidal for k ≤ 4 and π  π ′, we have r(F) =
6r(P2(x)P2(y)).
Suppose that sym2 π ∼= sym2 π ′. Then an = ±bn for all n; writing an = un+vn
√
5
2 as
above, it follows that 2 | vn , so that
F(an, bn) = 25v2n(v2n − 1) ≥ 75v2n = 15(an − bn)2.
This implies
6 = r(F) ≥ 15r((x − y)2) = 30,
which is absurd. Hence, sym2 π  sym2 π ′ and r(F) = 0.
By [13, Theorem B], this in turn implies that π  sym2 π ′ and π ′  sym2 π are cuspidal.
Also, in view of the identity
(xy)2 = (P2(x) + 1)(P2(y) + 1) = P2(x)P2(y) + P2(x) + P2(y) + 1,
we have r((xy)2) = 1, so that π  π ′ is cuspidal.
Since F(an, bn) is nonnegative, by Lemma 2.1(2) there exists ε > 0 such that
∞∑
n=1

(n)F(an, bn)
n1−ε
< ∞.
Applying Cauchy–Schwarz and the inequality
(x − y)4 F(x, y) = (x − y)6((x − y)2 − 5) ≤ (x − y)8 ≤ 128(x8 + y8),
we have
( ∞∑
n=1

(n)
n1−ε/3
(an −bn)2 F(an, bn)
)2
≤
∞∑
n=1

(n)
n1−ε
F(an, bn) ·
∞∑
n=1

(n)
n1+ε/3
(an −bn)4 F(an, bn)
≤ 128
∞∑
n=1

(n)
n1−ε
F(an, bn) ·
∞∑
n=1

(n)
n1+ε/3
(a8n + b8n).
Noting that x8 = (P4(x) + 3P2(x) + 2)2, the final sum on the right-hand side converges,
by Rankin–Selberg. Thus, the series defining D(x−y)2 F (s) converges absolutely for (s) ≥
1 − ε/3, so that r((x − y)2 F) = 0.
Next, we compute that
20P3(x)P3(y) = 20 − (x − y)2 F(x, y)+ P2(x)P4(x) − 6P3(x) · y P2(x) + 15P4(x)P2(y)
+ 15P2(x)P4(y)−6x P2(y) · P3(y)+ P2(y)P4(y) + 14P4(x) − 38P3(x)y
+ 60P2(x)P2(y) − 38x P3(y) + 14P4(y) + 38P2(x) − 48xy + 38P2(y).
Evaluating r of both sides and using that r((x − y)2 F) = 0, we see that r(P3(x)P3(y)) = 1,
whence sym3 π ∼= sym3 π ′. Similarly, we have
x P2(y) · y P2(x) = P3(x)P3(y) + x P3(y) + y P3(x) + xy,
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from which it follows that π  sym2 π ′ ∼= π ′  sym2 π . Also, from
P4(x) − P4(y) = (x + y)(P3(x) − P3(y) + x P2(y) − y P2(x)),
we get P4(an) = P4(bn), so that sym4 πp ∼= sym4 π ′p for all p  N . By strong multiplicity
one, sym4 π ∼= sym4 π ′.
3.3 Nontempered and archimedean places
In view of the identity
x2(P3(x)−P3(y)) + (x2+xy−1)(x P2(y)−y P2(x)) = (x − y)(x2 − x − 1)(x2 + x − 1),
for every n we have either an = bn ∈ Z or an ∈ {±ϕ,±ϕτ }. For any prime p  N , it follows
that if either of πp , π ′p is nontempered then πp ∼= π ′p .
Next we show that this conclusion holds for ramified and archimedean places as well.
If πp is nontempered then, as explained in [6, Remark 1], πp is a twist of an unramified
complementary series representation, i.e. πp ∼= (| · |sp  | · |−sp ) ⊗ χ for some s > 0 and
unitary character χ of Q×p . Since sym3 πp ∼= sym3 π ′p , π ′p must also be nontempered, so we
similarly have π ′p ∼= (| · |s′p  | · |−s′p ) ⊗ χ ′ for some s′ > 0 and unitary character χ ′. Thus,
sym3(| · |sp  | · |−sp ) ⊗ χ3 ∼= sym3(| · |s
′
p  | · |−s
′
p ) ⊗ (χ ′)3,
from which it follows that s = s′ and χ3 = (χ ′)3. Comparing central characters, we deduce
that χ = χ ′, whence πp ∼= π ′p . Running through this argument again with the roles of π and
π ′ reversed, we obtain conclusions (2) and (3b) of the theorem for finite places.
Similarly, we have π∞ = (| · |sR  | · |−sR )⊗ sgn for some  ∈ {0, 1} and s ∈ iR ∪ (0, 12 ),
and comparing the parameters of sym3 π∞ and sym3 π ′∞, we conclude that π∞ ∼= π ′∞.
3.4 Value distribution of (p)
Making use of the isomorphism π  sym2 π ′ ∼= π ′  sym2 π , if 0 < j < i ≤ 8 − j then
r(xi y j ) = r(xi−2 y j−1(y P2(x) + y)) = r(xi−2 y j−1(x P2(y) + y))
= r(xi−1 y j+1) + r(xi−2 y j ) − r(xi−1 y j−1),
and similarly with the roles of x and y reversed. By systematic application of this rule and
linearity, we reduce the computation of r(xi y j ) for i + j ≤ 8 to that of r(Pi (x)Pj (y)),
r(Pi (x)Pj (x)) and r(Pi (y)Pj (y)) for i, j ≤ 4, all of which are determined from the con-
clusions obtained in §3.2. After some computation we arrive at the following table of values
for r(xi y j ):
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i \ j 0 1 2 3 4 5 6 7 8
0 1 0 1 0 2 0 5 0 14
1 0 0 0 0 0 0 0 1
2 1 0 1 0 2 0 6
3 0 0 0 1 0 4
4 2 0 2 0 5
5 0 0 0 4
6 5 0 6
7 0 1
8 14
This enables us to compute r( f ) for any f of total degree at most 8 without having to
work out the full expansion as in (3.1).
Consider
H = (xy + 1)x2(x2 − 1)(x2 − 4).
Then H(an, bn) ≥ 0 for all n, and for p  N , πp and π ′p are tempered if and only if
H(ap, bp) = 0. We verify by the above that r(H) = 0, so by Lemma 2.1(2) there exists
δ ∈ (0, 1] such that ∑∞n=1 
(n)H(an, bn)/n1−δ < ∞. Thus, with S as in the statement of
the theorem, we have
∑
p∈S
p≤X
(log p)a8p ≤
∑
n≤X
an /∈A

(n)a8n 
∑
n≤X

(n)H(an, bn)≤ X1−δ
∞∑
n=1

(n)H(an, bn)
n1−δ
 X1−δ.
(3.2)
Including the possible contribution from ramified primes, which are finite in number, we see
that πp and π ′p are tempered for all but O(X1−δ) primes p ≤ X , which proves (3a).
Next, for each α ∈ A we define a polynomial fα ∈ R[x, y] of total degree at most 6, as
follows:
α fα r( fα)/ fα(α, ατ )
0 (xy + 1)(x2 − 1)(x2 − 4) 14
±1 (x2 + y2 − 3)x(x + α)(x2 − 4) 16
±2 (xy + 1)x(x2 − 1)(x + α) 1120
±ϕ,±ϕτ (x − y)(1 ± x ± y)(x − ατ ) 110
In each case, we have fα(β, βτ ) ≥ 0 for all β ∈ Z ∪ A, with fα(β, βτ ) = 0 for
β ∈ A \ {α} and fα(α, ατ ) > 0. Also, since deg fα ≤ 6, we have fα(an, bn)  a6n ≤ a8n
whenever an /∈ A. Thus, by (3.2) and Lemma 2.1(1),
∑
p≤X
λπ (p)=α
log p = O(X1/2)+
∑
n≤X
an=α

(n) = O(X1/2+X1−δ) + 1fα(α, ατ )
∑
n≤X

(n) fα(an, bn)
= r( fα)fα(α, ατ ) X + o(X) as X → ∞.
By partial summation, it follows that {p : λπ(p) = α} has natural density r( fα)/ fα(α, ατ ),
whose values are shown in the table. This proves (4).
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3.5 Weak automorphy of symmetric powers
Let G = SL2(F5), which is the smallest group supporting a 2-dimensional icosahedral
representation [13, §2]. Then G has nine irreducible representations, with dimensions 1, 2,
2, 3, 3, 4, 4, 5 and 6. Their characters all take values in Z[ϕ] and can be written as
χ0 = 1, χ1 = χ, χ2 = χτ , χ3 = P2(χ), χ4 = P2(χτ ),
χ5 = χχτ , χ6 = P3(χ), χ7 = P4(χ), χ8 = χ P2(χτ ),
whereχ is one of the characters of dimension 2 andχτ is its Galois conjugate. (Our numbering
scheme is more or less arbitrary, and was made for notational convenience below.) The
character table is as follows:
( 1 0
0 1
) ( 4 0
0 4
) ( 3 2
4 3
) ( 2 2
4 2
) ( 2 0
0 3
) ( 4 1
0 4
) ( 4 2
0 4
) ( 1 1
0 1
) ( 1 2
0 1
)
χ0 1 1 1 1 1 1 1 1 1
χ1 2 −2 1 −1 0 ϕ ϕτ −ϕ −ϕτ
χ2 2 −2 1 −1 0 ϕτ ϕ −ϕτ −ϕ
χ3 3 3 0 0 −1 ϕ ϕτ ϕ ϕτ
χ4 3 3 0 0 −1 ϕτ ϕ ϕτ ϕ
χ5 4 4 1 1 0 −1 −1 −1 −1
χ6 4 −4 −1 1 0 1 1 −1 −1
χ7 5 5 −1 −1 1 0 0 0 0
χ8 6 −6 0 0 0 −1 −1 1 1
Let 〈 , 〉 denote the inner product on L2(G). For each k ≥ 0 and i ∈ {0, . . . , 8}, let
mk,i = 〈Pk(χ), χi 〉
be the multiplicity of χi in the kth symmetric power of χ , so that
Pk(χ) =
8∑
i=0
mk,iχi .
In view of the character table, for any α ∈ A we may choose g ∈ G with χ(g) = α and
evaluate both sides of the above at g to get
Pk(α) =
8∑
i=0
mk,i hi (α, ατ ),
where we write
h0 = 1, h1 = x, h2 = y, h3 = P2(x), h4 = P2(y),
h5 = xy, h6 = P3(x), h7 = P4(x), h8 = x P2(y).
On the automorphic side, we make the parallel definitions
σ0 = 1, σ1 = π, σ2 = π ′, σ3 = sym2 π, σ4 = sym2 π ′,
σ5 = π  π ′, σ6 = sym3 π, σ7 = sym4 π, σ8 = π  sym2 π ′,
and we set
k =
8

i=0
(σi  · · ·  σi︸ ︷︷ ︸
mk,i times
) for k ≥ 0.
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By construction, if p /∈ S and πp is unramified, then for every power n = p j we have
cn(symk π) = Pk(an) =
8∑
i=0
mk,i hi (an, bn) =
8∑
i=0
mk,i cn(σi ) = cn(k).
Thus, symk πp ∼= k,p , as claimed.
It remains to prove the uniqueness of k . Suppose that ′k is another such isobaric
representation. Then for any i ∈ {0, . . . , 8},
∑
(n,N )=1

(n)cn(
′
k  σi )
ns
=
∑
(n,N )=1

(n)cn(k  σi )
ns
+
∑
(n,N )=1

(n)(cn(
′
k) − cn(k))cn(σi )
ns
.
Since cn(′k) = cn(symk π) = cn(k) whenever (n, N ) = 1 and an ∈ A, by Cauchy–
Schwarz we have
( ∑
(n,N )=1

(n)|(cn(′k) − cn(k))cn(σi )|
n1−δ/3
)2
≤
∑
(n,N )=1

(n)|cn(′k) − cn(k)|2
n1+δ/3
·
∑
(n,N )=1
an /∈A

(n)cn(σi )
2
n1−δ
.
Since ′k,p ∼= symk πp is tempered for all unramified p /∈ S, the cuspidal summands of ′k
must be unitary, so the first sum on the right-hand side converges by Rankin–Selberg. As for
the second, for an /∈ A we have cn(σi )2  H(an, bn), so it converges as well. Therefore,
Ress=1
∑
(n,N )=1

(n)cn(
′
k  σi )
ns
= Ress=1
∑
(n,N )=1

(n)cn(k  σi )
ns
= mk,i ,
so σi occurs as a summand of ′k with multiplicity mk,i . Since k and ′k are both repre-
sentations of GLk+1(A), we have ′k ∼= k , as desired. This establishes (3d).
3.6 Temperedness and Galois type at∞
Suppose that sym5 π is automorphic. Then it agrees with an isobaric representation at all
unramified finite places. By the uniqueness of 5, we must have sym5 πp ∼= 5,p = πp 
sym2 π ′p for all p  N . When λπ(p) = λπ ′(p), this implies the relation
λπ(p)5 − 4λπ(p)3 + 3λπ(p) = λπ(p)(λπ (p)2 − 1),
so that λπ(p) ∈ {0,±1,±2}. Thus, πp is tempered for all p  N . In particular, S is finite.
Finally, suppose that S is finite. Then, by what we have already shown, π is s-icosahedral
in the sense of Ramakrishnan [9]. Appealing to [9, Theorem A], we conclude that π is
tempered and π∞ is of Galois type. This establishes (3e) and concludes the proof.
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